An effective monopole action for various extended monopoles is derived from vacuum configurations after abelian projection in the maximally abelian gauge in SU (2) QCD. The action appears to be independent of the lattice volume.
To clarify color confinement mechanism is still important in particle physics and the effect dual to the Meissner effect is believed to be the mechanism [1, 2] . This picture is realized in the confinement phase of lattice compact QED [3] [4] [5] .
To apply the idea to QCD, we have to find a color magnetic quantity inside QCD. The 'tHooft idea of abelian projection of QCD [6] is very interesting. The abelian projection of QCD is to extract an abelian gauge theory by performing a partial gauge-fixing such that the maximal abelian subgroup remains unbroken. Then QCD can be regarded as an abelian gauge theory with magnetic monopoles and electric charges. 't Hooft conjectured that the condensation of the abelian monopoles is the confinement mechanism in QCD [6] .
There are, however, infinite ways of extracting such an abelian theory out of QCD. It seems important to find a good gauge in which the conjecture is seen to be realized in a coupling region where reliable calculations can be done at present. A gauge called maximally abelian (MA) gauge has been shown to be very interesting [7] [8] [9] . In the MA gauge, there are phenomena which may be called abelian dominance [8, 10] . Moreover the monopole currents k µ (s) defined similarly as in compact QED [5] are seen in the MA gauge to be dense and dynamical in the confinement phase, while dilute and static in the deconfinement phase [9] .
Especially the string tension can be reproduced by the monopole contributions alone [11, 12] .
Although these data support the 'tHooft conjecture, there is not a direct evidence of abelian monopole condensation in the QCD vacuum. In the case of compact QED, the exact dual transformation can be done and leads us to an action describing a monopole Coulomb gas, when one adopt the partition function of the Villain form [4, [13] [14] [15] . Monopole condensation is shown to occur in the confinement phase from energy-entropy balance of monopole loops.
In the case of QCD, however, we encounter a difficulty in performing the exact dual transformation. Hence we tried to do it numerically first by fixing an effective U(1) action.
Namely, the abelian dominance suggests that a set of U(1) invariant operators are enough to describe confinement after the abelian projection. Then there must exist an effective U(1) action describing confinement. As reported in [9] , however, to derive a compact form of such a U(1) action in terms of abelian link variables was unsuccessful in the scaling region. Here we propose a method to directly determine a monopole action numerically from the vacuum configurations of monopole currents given by Monte-Carlo simulations in the MA gauge [16, 17] . This can be done by extending the Swendsen method [18] which was developed in the studies of the Monte-Carlo renormalization group. We have shown recently that the method is successfully applied to compact QED [19] . When applied to SU(2) QCD in the MA gauge, it is suggested that entropy dominance over energy and then monopole condensation always occur in the infinite-volume limit of lattice QCD. A preliminary report was published in [16, 17] .
The MA gauge is given on a lattice by performing a local gauge transformation
such that a quantity
is maximized [7] . In the continuum limit, this corresponds to a gauge (∂ µ +igA whereθ µν (s) ∈ [−π, π) is interpreted as the electromagnetic flux through the plaquette and m µν (s) can be regarded as a number of the Dirac string penetrating the plaquette. DeGrand and Toussaint [5] defined a monopole current as
where ∂ is the forward difference. It is defined on a link of the dual lattice (the lattice with origin shifted by half a lattice distance all in four directions). k µ (s) can take only the values 0, ±1, ±2 and satisfies
where ∂ ′ is the backward derivative on the dual lattice.
Long-distance behaviors are expected to be important in the confinement phase of QCD.
Hence we consider extended monopoles of the type-2 [20] as shown in Fig. 1 . 1 The n 3 extended monopole of the type-2 has a total magnetic charge inside the n 3 cube and is defined on a sublattice with the spacing b = na, a being the spacing of the original lattice.
= n−1 i,j,l=0
The definition of the type-2 extended monopoles corresponds to making a block spin transformation of the monopole currents with the scale factor n. We call the sublattice as a renormalized lattice. We derived the coupling constants for 1 3 , 2 3 , 3 3 , and 4 3 extended monopoles.
A theory of monopole loops is given in general by the following partition function
where k µ (s) is the conserved integer-valued monopole current defined above in (5) or (7) and
is a monopole action describing the theory. Consider a set of all independent operators which are summed up over the whole lattice. We denote each operator as S i [k] . Then the action can be written as a linear combination of these operators:
where f i are coupling constants.
Let us now determine the monopole action using the monopole current ensemble which are calculated from vacuum configurations generated by Monte-Carlo simulations. Since the dynamical variables here are k µ (s) satisfying the conservation rule, it is necessary to extend the original Swendsen method [18] . Consider a plaquette (s ′ ,μ ′ ,ν ′ ) instead of a link on the dual lattice. Introducing a new set of coupling constants {f i }, definē
where
to f i , one can prove an equality S i = S i , where the expectation values are taken over the above original action with the coupling constants {f i }:
When there are somef i not equal to f i , one may expand the difference as follows
where only the first order terms are written down. This allows an iteration scheme for determination of the unknown constants f i . For more details, see [19] where (14) is derived explicitly and is applied to compact QED.
Practically we have to restrict the number of interaction terms. 2 We adopted 12 types of quadratic interactions listed in Table I Our results are summarized in the following.
1. The coupling constants f 1 ∼ f 5 for 1 3 monopoles are plotted (white symbol) for small β in Fig. 2 . As shown in [9] , an effective U(1) action is determined for small β. It takes a Wilson U(1) action with the effective coupling constant β w = β/2. In Fig. 2, we have also plotted the data (black symbol) obtained in the case of the Wilson U (1) action [19] with the coupling constant substitution. Equivalence of the two theories for small β is seen also in the form of the monopole action. 
Monopole loops of length L take various forms. Choose a monopole loop C L of length L and define
where C L denotes the sum over all loops of length L. Then the average (15) is
depends not only on the loop length L but also on the shape of C L .
One may define the 'energy' E(L) of monopole loops of length L as the average of
Then we get
where ρ(L) = C L 1 is the total number of monopole loops of length L on a dual lattice and lnρ(L) may be regarded as the 'entropy' of monopole loops of length L.
Now we write
where S(C L ) is the contribution of a loop C L alone to the monopole action. For large L, monopole currents in a loop are distributed randomly in average. If the action consists of quadratic terms alone as assumed in our analysis, interaction terms between different currents would cancel. S(C L ) may be approximated by the self-energy part:
where we assumed the dominance of currents with a unit charge |k µ (s)| = 1.
has two types of contributions, i.e., 1)those from other loops in the presence of C L and 2)the interactions between C L and other loops. The latter may be cancelled again from randomness when L is large. When we fix C L and make the lattice volume larger, the ratio of the number of links occupied by C L to total link number becomes smaller. Hence the C L dependence of the former may be negligible in the infinite-volume limit. We may approximate for large L
which leads to
If we consider non-backtracking random walks on a four dimensional dual lattice, the number of loops of length L through a given site behaves asymptotically as 7 L for large L. We get 
From (26) and (27), we obtain
for large L. If f 1 < ln7, the 'entropy' dominates over the 'energy' and the long monopole loops become dominant. Namely the monopole condensation occurs. The same thing happens also in compact QED [4] .
We plot f 1 versus β for various extended monopoles on 24 4 lattice in comparison with the entropy value ln7 for the infinite volume in Fig. 4 . Each extended monopole has its own β region where the condition f 1 < ln7 is satisfied. When the extendedness is bigger, larger β is included in such a region. Together with the first observation of the volume independence, we may get the following important conclusion in the infinite-volume limit. One can take always (for all β) a renormalized lattice with a spacing b > b c by making a block spin transformation of the monopole currents with a sufficiently large scale factor. Hence the QCD vacuum in the infinite-volume limit of lattice QCD is always (for all β)
in the monopole condensed phase. This is the most important observation of this report. Hence the 'energy' and the 'entropy' of such monopoles can not be represented as in (26) and (27). The condition f 1 < ln7 can not be applicable to such monopoles. The
6. Using the data of f i , we try to fix the explicit form of the monopole action. Although the coupling constants for largely separated currents are too small with large errors, the monopole action may be fitted by the action predicted theoretically by Smit and
Sijs [15] :
where g(b) is the SU(2) running coupling constant
The scale parameter determined here is Λ ∼ 42Λ L which is different from that in [15] . 8. It is interesting to see the relation between the monopole dynamics and the deconfinement transition in a finite volume [22] . This will be discussed in a separate paper [23] .
In summary, the monopole condensation is shown, in the maximally abelian gauge, to occur always in the infinite-volume limit. The abelian charge is confined due to the dual Meissner effect. The U(1) charge confinement after abelian projection means color confinement in SU(2) QCD as proved in [6] .
However we have not here clarified the origin of β c due to the finite-size effect in terms of abelian monopoles. This will be published elsewhere [23] . In addition, we have not yet understood what happens in other abelian projections. If abelian monopoles play an essential role in the continuum, the mechanism of monopole condensation may not depend on a gauge choice. This will be studied in future.
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